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LETTER TO THE EDITOR

A two-parametric quantization of sl(2)
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Hole$ovitkdch 2, 18000 Prague 8, Czechoslovakia

1 Institute of Physics, Czechostovak Academy of Sciences, Na Slovance 2, 18040 Prague
8, Czechoslovakia
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Abstract. A two-parametric solution of the constant Yang-Baxter equation is used for the
construction of structures corresponding to quantized groups. The corresponding Hopf
algebra is generated by five generators.

After the discovery of the quantized group sl,(2) by Kulish and Reshetikhin (1981)
and its reformulation in terms of a non-commutative Hopf algebra (Drinfeld 1986,
Jimbo 1985) it was found by Reshetikhin er al (1989) that the defining relations for
sl,(2) can be obtained from the relations

RTL(e)L:(e)=Ly(e)L,(e)R™ RYL(+)Ly(=) = Ly(=}L (+)R” (1)
where

g 0 0 0 1000
b 0o 1. 00 {00 10
R":=PR,P R=l0 g 1 o P=l0 1 o o (2)

0 0 0 ¢ 00 0 1 .
N=g-q" E=+ Li(e}=L{)@1 Ly(e) =1 L(e} (3)
and '

K E M 0

wo=(5 5y wa=(Y 2) @)

Indeed, inserting (2)-(4) into {1) we obtain the relation for the “quantized universal
enveloping algebra’ U, (sl(2))

KM= MK KF =gFK KE =g 'EK
EF - FE =(K*- MH)Q MF=4q"'FM ME = gEM.
The algebra U,(sl(2)) is obtained as the free algebra generated by (K, M, E, F)

and factorized by the ideal corresponding to (5).
The familiar commutation relations of sl (2)
sinh(2#J;)

[Jo, JI=£], [, 7] T (6)

(5)
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can be obtained from (5) by substitution
g=e” K=q™" M=gh E=QJ, F=-QJ_. (7

This substitution also implies

KM=MK =1 (8)
and it can be shown that the algebra U, (sl(2)) defined by the relations (5) and (8) is

w3y
non-commutative) Hopf algebra.
Besides that, it is possible to define an algebra of functions on the ‘quantum matrix
algebra’ Fun(sl,(2)) by inserting R = R, into

=4

A B
RT\T,=T,T\R T= 9
1°2 241 (C D) ()

and ‘quantum vector spaces’ by
F{PRY(x®x)=0 (10)

{see Reshetikhin et al 1989). The matrix R, is a solution of the constant Yang-Baxter
equation

Ry3R3R;; = Ry3R13 Ry, (11)

In fact R, is a special form of a two-parametric solution found in Hlavaty (1987) that
can be written as

fg 0 0 0O\
0 s 0 O
R, .= . 12
@ 0 O s' o (12)
00 0 gq

Obviously R,,_,= R, and a natural question is: what quantized algebras are
ohtained when R., is l_!s..d in the above-sketched derivation? The answer is the content
of this letter.

Inserting R™ = PR, P into the relation (1) we obtain a modification of the defining
relations for the quantized universal enveloping algebra in the form

KM = MK KF = gsFK KE =(gs)"'EK (13)

s 'EF—sFE = (K- M)$} MF =g 'sFM ME = gs™'EM.

We shall call the algebra defined by these relations U, .(s1(2}). By the substitution
K=(gs)™h M=(q 's)™ E=QJ, F=-QJ_ (14)

we can get a modification of the commutation relation (6) in the form

21, sinh(2nJ,)

Lo, S ]==J. [(Je, J =" 0 I —s)_J, =5 Snh

(15)

Several comments on the properties of this two-parametric deformation of sl(2)
are in order.
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(i) Similarly to sl,(2), the Pauli matrices are the two-dimensional representation
of the algebra (15).
(ii} The comultiplication A defined by

AK)=K®K AM)=M®M
A(EY=K®E+EXM A(F)=K®QF+F®M

(16)

preserves relations (13) and converts the algebra U, ,(sl(2)) into a bialgebra.

(iii) Differently from the sl,(2), the element KM does not belong to the centre of
U,.(s1(2)) and therefore cannot be identified with the unit. This is a main obstacle
that prevents finding an antipode function on the bialgebra U, ,(s1(2)) and converting
U, .(sl(2)} into a Hopf algebra.

For this reason the algebra determined by (13) should rather be called a ‘quantum
semigroup’.

We can also define the algebra Fun(s!,,(2)) of functions on the quantum matrix
algebra and the quantum vector spaces C}( ®,.)- The algebra Fun(sl, ,(2)} is determined
by the relation (9) where R = R, ;. This yields

AB = BAgs CB = BCs” AC = CAgs™"
BD = DBgs™' CD = DCgs [A, D]=(gs"'—g 's"")CB. an
It is easy to define the bialgebra structure on Fun(sl,(2)) by
A(TH=TI® T} (18)

but determination of the Hopf structure on this algebra is not as simple as for the
algebra associated with R,. Nevertheless, according to the theorem 8 in Reshetikhin
et al (1989) it should be possible to define the Hopf structure because the matrix R,
fulfils also the condition

(R, ,)PA(R, .} PK,= constant K, (19)
where
[(R,)= (R, )" (20)
A(Rg,)=(Rg)™ (21)
(t,, t, are transpositions in the first and second indices of the matrix R =(R}2)) and
1 0 0 1
0 0 0 0
Ke=lo 0 0 of
1 0 01

For definition of the quantum vector spaces itis itnportant that the matrix ﬁq.,. =PR,
satisfies the Hecke condition

(R, =Q(R,)+1. (22)
This makes it possible to write the matrix R, in terms of two projectors
R )+q"! -R,)+q!
pr o (Rus) 4 p-m TRl g (23)

gtq g+q"'
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of ranks 3 and 1. These projectors can be used to define ‘the algebra of functions on
the two-dimensional quantum vector space’ (Reshetikhin et al 1989) by generators x,,
x, satisfying

XXz = gXzXy (24)
and ‘the exterior algebra of the two-dimensional quantum vector space’ defined by
(1)=(y2)*=0 Sy ==q 'y (25)

MmN

As noted before, it seems that U, ,(si(2Z)) cannot be turned into a Hopf algebra.
However, this can be done if we extend the algebra by another generator Z and the
following relations

KZ=ZK MZ =ZM ZE =s’EZ ZF=5*FZ  (26)
The element KMZ then belongs to the centre and we can set
KMZ =1, (27)

The resulting algebra is a bialgebra with comultiplication given by (16} and
AMZ)=Z®Z (28)
It can be turned into the Hopf algebra by definitions of the antipod and counit functions
as
S(K)=MZ S(M)=KZ S(Z)=KM S(E)=—gsEZ
S(F)=—(gs)"'FZ eK)=e(M)=g(Z)=1 e(E) = e(F)=0. (29}
This extension of U, ,{(s1(2)) into the Hopf algebra then can be considered as the
dual object (Drienfeld 1986) to a quantum group that is a two-parametric deformation
of the group sl(2).
Let us note finally that the matrix (12) is not the only solution of the constant YBE

them do not converge to the unit matrix for special values of parameters. It means
that the algebras they define have no ‘classical counterparts’. Nevertheless, it might
be interesting to investigate their properties.

Useful discussions with M Bednar and M HavliZek are gratefully acknowledged.
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where the matrix (12) is used but the quantization procedure is different. Moreover, from the referee’s report
we found out that the algebra that is investigated in detail here is a special case of two-parameter quantization
of gl{n} (Takeuchi 1990}, which is a special case of multiparameter quantization of gl(n} (Sudbery 1990},

which is a special case of multiparameter quantization of semisimple Lie algebras (Reshetikhin 1990).
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